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Abstract
In this paper, the relations between Dp and Bpn , M(Dp) and Bpn are discussed by means of high
order radial derivative and random series. The main results of this paper are:
(1) Let −∞ < p < n+ 1,
(i) if 0 < q < n − p/2, then Bqn ⊂Dp;
(ii) if n− p/2 q < (3n− p)/2, then Bqn and Dp cannot included each other;
(iii) if q  (3n− p)/2, then Dp ⊂ Bqn .
(2) Let 0 < p  n,
(i) if 0 < q < n − p/2, then Bqn ⊂ M(Dp);
(ii) if n− p/2 q < (3n− p)/2, then Bqn and M(Dp) cannot included each other;
(iii) if q  (3n− p)/2, then M(Dp)⊂ Bqn .
(3) Let (n− 1)/n < p  1, then M(Dn(1−p)) ⊂Qp .
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Let B be the unit ball in the complex vector space Cn with dimension n (n 1), S be the
boundary of B , and ν and σ be the Lebesgue measures on B and S, respectively. Denote
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696 P. Hu / J. Math. Anal. Appl. 296 (2004) 695–707dλ(z) = dν(z)/((1 − |z|2)n+1) the invariant measure on B . Let H(B) be the collection of
the holomorphic functions with domain B .
Let a ∈ B , denote ϕa(z) the holomorphic automorphism [1] on B , which satisfies
ϕa(0) = a, ϕa(a)= 0, and
1 − ∣∣ϕa(z)∣∣2 = (1 − |a|
2)(1 − |z|2)
|1 − 〈z, a〉|2 , (1)
for z ∈ B .
Denote ∇f = (∂f /∂z1, . . . , ∂f /∂zn) the complex gradient of f , and Rf (z) =∑n
j=1 zj (∂f /∂zj )(z) =
∑n
j=1 zjDjf (z) the radial derivative of f . Let ∆˜f (z) =
∆(f ◦ ϕz)(0) be the invariant Laplacian of f , here ∆ is the ordinary Laplacian. Let
∣∣∇˜f (z)∣∣2 = 1
n+ 1
∣∣∇(f ◦ ϕz)(0)∣∣2
be the invariant gradient of f . The Green function related to the invariant Laplacian ∆˜ is
G(z, a)= g(ϕa(z)), here
g(z) = n+ 1
2n
1∫
|z|
(
1 − t2)n−1t−2n+1 dt.
For 0 <p < ∞, define the function space Qp and p-Bloch space Bp as follows [2]:
Qp =
{
f ∈ H(B): sup
a∈B
∫
B
∣∣∇˜f (z)∣∣2Gp(z, a) dλ(z) < ∞
}
,
Bp =
{
f ∈H(B): sup
z∈B
(
1 − |z|2)p∣∣∇f (z)∣∣< ∞}.
It is easy to verify that f ∈ Bp if and only if supz∈B(1 − |z|2)p|Rf (z)| < ∞.
Let f (z) =∑α0 aαzα ∈ H(B), the radial derivative of order n of f ,R(n)f , is defined
as
R(n)f (z) =
∑
α0
|α|naαzα.
Obviously,R(1)f (z) =Rf (z). Define the Bloch type space Bpn as
Bpn =
{
f ∈H(B): R(n−1)f ∈ Bp},
then Bp1 = Bp, and Bpn is increase of p. If p > n− 1, Bpn = Bp−n+1. For p ∈ R, Dirichlet
type space Dp are defined by [3]
Dp =
{
f (z) =
∑
α0
aαz
α ∈ H(B):
∑
α0
(
n+ |α|)p|aα|2ωα < ∞
}
,
where [1]
ωα =
∫ ∣∣ζ α∣∣2 dσ(ζ ) = (n− 1)!α!
(n+ |α| − 1)! .
S
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Dirichlet space D(p = n).
Let X and Y be function spaces, we call the function φ to be a multiplication operator
from X to Y , provided that φf ∈ Y for any f ∈ X. The collection of the multiplication
operator from X to Y is denoted by M(X, Y ). Specially, M(X, X) is denoted by M(X)
simply.
In [3], the authors give the characterizations of the multiplication operators on Dirichlet
type spaces by taking advantage of the Taylor coefficients of the holomorphic functions.
Specially, it is proved that M(Dp) = Dp when p > n. This result implies that Dp is an
algebra when p > n. The random series are used to characterize the multiplication opera-
tors in [4]. In [5], the Dirichlet type spaces are studied more deeply, and a characterization
of BMO type for these spaces is given. The discussion about the function Qp and Bp and
their relations are given in [2,6,7]. In this paper, the relations between Dp and Bpn , M(Dp)
and Bpn , and M(Dp) and Qp are given. These results can give more clear understanding
about the function spaces mentioned above. From one point, they can regard as a type of
characterizations of the spaces M(Dp). Our main results are the following theorems.
Theorem 1. Let −∞< p < n+ 1.
(i) If 0 < q < n− p/2, then Bqn ⊂Dp.
(ii) If n− p/2 q < (3n− p)/2, then Bqn and Dp cannot include each other.
(iii) If q  (3n− p)/2, then Dp ⊂ Bqn .
Theorem 2. Let 0 < p n.
(i) If 0 < q < n− p/2, then Bqn ⊂ M(Dp).
(ii) If n− p/2 q < (3n− p)/2, then Bqn and M(Dp) cannot include each other.
(iii) If q  (3n− p)/2, then M(Dp) ⊂ Bqn .
Theorem 3. Let (n− 1)/n < p  1, then M(Dn(1−p)) ⊂ Qp .
In the sequel, the symbols are the same as in [1] if their meanings are not indicated
clearly. C and Cj denote constants, and they can take different values in different ap-
pearances. The symbol “A ≈ B” implies that there are constants C1 and C2 such that
C1B A C2B .
2. Bpn and Dp
In this section, the proof of Theorem 1 will be given. First, we give some lemmas.
Lemma 1 [8]. For p < n+ 1, the following statements are equivalent:
(i) f ∈Dp ;
(ii) ∫ |R(n)f (z)|2(1 − |z|2)2n−1−p dν(z) < ∞;B
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Next result can be derived by the same method used in [9, Theorem 4.10].
Lemma 2. Let n  2, p  0, f ∈ H(B). For ζ ∈ S, let fζ (λ) = f (λζ ). If there exists a
constant M > 0 such that
‖fζ ‖Bp(U) M,
for every ζ ∈ S, then f ∈ Bp. Here U denotes the unit disc in the complex plane.
Lemma 3. Let f ∈ H(B), 0 p < ∞, 0 < r < 1, 0 < s < ∞, n < t < ∞, then the follow-
ing statements are equivalent:
(i) sup
z∈B
(
1 − |z|2)ps ∣∣∇f (z)∣∣s < ∞; (2)
(ii) sup
z∈B
1
|E(z, r)|1−ps/(n+1)
∫
E(z,r)
∣∣∇f (w)∣∣s dν(w) < ∞; (3)
(iii) sup
z∈B
∫
E(z,r)
∣∣∇f (w)∣∣s(1 − |w|2)ps−n−1 dν(w) < ∞; (4)
(iv) sup
z∈B
∫
B
∣∣∇f (w)∣∣s(1 − |w|2)ps−n−1(1 − ∣∣ϕz(w)∣∣2)t dν(w) < ∞, (5)
where |E(z, r)| = ν(E(z, r)) and E(z, r) = {w ∈B: |ϕz(w)| < r}.
Proof. (ii) ⇒ (i). Suppose that (3) is valid. If g(w) is a subharmonic function on B , then,
for fixed r ,
g(0) C
∫
|w|<r
g(w)dν(w). (6)
Take g(w) = |Djf (ϕz(w))|s in (6) and use variable transformation in the integration, then
∣∣Djf (z)∣∣s  C
∫
|w|<r
∣∣Djf (ϕz(w))∣∣s dν(w)
= C
∫
E(z,r)
∣∣Djf (w)∣∣sJRϕz(w)dν(w)
= C
∫
E(z,r)
∣∣Djf (w)∣∣s
(
1 − |z|2
|1 − 〈z,w〉|2
)n+1
dν(w),
where JRϕz is the real Jacobian of ϕz. Since 1−|z|2 ≈ 1−|w|2 and |1−〈z,w〉| ≈ 1−|w|2
as w ∈ E(z, r), and [1] |E(z, r)| ≈ (1 − |z|2)n+1, then
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1 − |z|2)ps∣∣Djf (z)∣∣s  C(1 − |z|2)ps−n−1
∫
E(z,r)
∣∣Djf (w)∣∣s dν(w)
= C
((1 − |z|2)n+1)1−ps/(n+1)
∫
E(z,r)
∣∣Djf (w)∣∣s dν(w)
 C|E(z, r)|1−ps/(n+1)
∫
E(z,r)
∣∣Djf (w)∣∣s dν(w). (7)
So it follows by (7) that
(
1 − |z|2)ps∣∣∇f (z)∣∣s  C(1 − |z|2)ps
n∑
j=1
∣∣Djf (z)∣∣s
 C|E(z, r)|1−ps/(n+1)
∫
E(z,r)
n∑
j=1
∣∣Djf (w)∣∣s dν(w)
 C|E(z, r)|1−ps/(n+1)
∫
E(z,r)
∣∣∇f (w)∣∣s dν(w).
This gives (2).
(iii) ⇒ (ii). Since 1 − |z|2 ≈ 1 − |w|2 for w ∈ E(z, r) and |E(z, r)| ≈ (1 − |z|2)n+1,
then
1
|E(z, r)|1−ps/(n+1)
∫
E(z,r)
∣∣∇f (w)∣∣s dν(w)
 C
∫
E(z,r)
∣∣∇f (w)∣∣s(1 − |w|2)ps−n−1 dν(w). (8)
Therefore (8) implies that (3) can be get from (4).
(iv) ⇒ (iii). For t > n,∫
E(z,r)
∣∣∇f (w)∣∣s(1 − |w|2)ps−n−1 dν(w)
 1
(1 − r2)t
∫
E(z,r)
∣∣∇f (w)∣∣s(1 − |w|2)ps−n−1(1 − ∣∣ϕz(w)∣∣2)t dν(w)
 C
∫
B
∣∣∇f (w)∣∣s(1 − |w|2)ps−n−1(1 − ∣∣ϕz(w)∣∣2)t dν(w),
then (4) is valid if so is (5).
(i) ⇒ (iv). Assume that (2) is true, then there exists a constant M > 0 such that
sup
(
1 − |z|2)ps∣∣∇f (z)∣∣s = M < ∞. (9)z∈B
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B
∣∣∇f (w)∣∣s(1 − |w|2)ps−n−1(1 − ∣∣ϕz(w)∣∣2)t dν(w)
M
∫
B
(1 − |z|2)t (1 − |w|2)t−n−1
|1 − 〈w,z〉|2t dν(w)
= M(1 − |z|2)t(1 − |z|2)−t = CM.
This gives (5). 
Proof of Theorem 1. (i) For any f ∈ Bqn , since 0 < q < n− p/2, then∫
B
∣∣R(n)f (z)∣∣2(1 − |z|2)2n−1−p dν(z)
=
∫
B
∣∣R(n)f (z)∣∣2(1 − |z|2)2q(1 − |z|2)2n−1−p−2q dν(z)

∥∥R(n−1)f ∥∥2Bq
∫
B
(
1 − |z|2)2n−1−p−2q dν(z) < ∞.
So, Lemma 1 gives that f ∈Dp .
(ii) First we prove that Bqn ⊂Dp . It is well known that [10] there exists a homogenous
polynomial of order k, pk(ζ ), on S for every positive integer k satisfying
‖pk‖∞ = sup
ζ∈S
∣∣pk(ζ )∣∣= 1, ‖pk‖2 =
(∫
S
∣∣pk(ζ )∣∣2 dσ(ζ )
)1/2

√
π2−n.
Choose
f1(z) =
∑
α0
aαz
α =
∞∑
k=1
akp2k (z),
where ak = 1/(
√
k2kp/2). For any ζ ∈ S and λ ∈ U , let g1(λ) = f1(λζ ). Then
R(n−1)g1(λ) =
∞∑
k=1
2(n−1)kakp2k (ζ )λ2
k
.
Since
2k(1−n+p/2)2(n−1)k|ak|
∣∣p2k (ζ )∣∣≈ 2k(1−n+p/2+n−1) 1√
k2kp/2
= 1√
k
,
then
lim 2k(1−n+p/2)2(n−1)k|ak|
∣∣p2k (ζ )∣∣= lim 1√ = 0. (10)k→∞ k→∞ k
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R(n−1)g1 ∈ Bn−p/20 (U) ⊂ Bn−p/2(U).
Therefore, it follows that R(n−1)f1 ∈ Bn−p/2 from Lemma 2, that is f1 ∈ Bn−p/2n ⊂ Bqn .
On the other hand, since
∑
α0
(
n+ |α|)p|aα|2ωα  C
∞∑
k=1
2kp
k2kp
‖p2k‖22  C
∞∑
k=1
1
k
= ∞,
then f1 /∈Dp . So Bqn ⊂Dp when q  n− p/2.
Next, we will prove that Dp ⊂⋃0<q<(3n−p)/2Bq .
Let
f2(z) =
∑
α0
aαz
α =
∞∑
k=2
akz
k
1 = g2(z1),
where ak = 1/(k(2−n+p)/2(logk)s) and s > 1/2. Since
∑
α0
(
n+ |α|)p|aα|2ωα  C
∞∑
k=2
kp
k2−n+p(logk)2skn−1
= C
∞∑
k=2
1
k(logk)2s
< ∞,
then f2 ∈Dp .
By the increase of Bqn of q , we can assume that (3n− 2 −p)/2 < q < (3n−p)/2, then
p + 2q − 3n+ 2 > 0 and 3n−p − 2q > 0. Since
R(n−1)g2(z1) =
∞∑
k=2
kn−1akzk1,
then
2m−1∑
k=m
k1−qkn−1ak =
2m−1∑
k=m
kn−q
k(2−n+p)/2(logk)s
=
2m−1∑
k=m
1
k(p+2q−3n+2)/2(logk)s
 C m
(3n−p−2q)/2
(log(2m− 1))s → ∞ (m → ∞). (11)
So R(n−1)g2 /∈ Bq(U) from the proof of (i) ⇒ (ii) of [12, Theorem 3.1]. By the same
method used in the proof of [13, Theorem 1] we haveR(n−1)f2 /∈ Bq , that is f2 /∈ Bqn .
(iii) Let t > n, for any z ∈ B ,∫
B
∣∣∇(R(n−1)f (w))∣∣2(1 − |w|2)(2(3n−p))/2−n−1(1 − |ϕz(w)|2)t dν(w)

∫
B
∣∣∇(R(n−1)f (w))∣∣2(1 − |w|2)2n−1−p dν(w), (12)
then (12), Lemmas 1 and 3 give that Dp ⊂ B(3n−p)/2. Therefore, Dp ⊂ Bqn as q 
(3n− p)/2. 
702 P. Hu / J. Math. Anal. Appl. 296 (2004) 695–7073. M(Dp), Bpn and Qp
In this section, we will give the proofs of Theorems 2 and 3. These results can be regard
as the characterizations of M(Dp). For f ∈H(B), 0 <p < ∞, 0 r < 1, let
Mp(f, r) =
(∫
S
∣∣f (rζ )∣∣p dσ(ζ )
)1/p
and M∞(f, r) = sup
ζ∈S
∣∣f (rζ )∣∣.
First, we will give some lemmas.
Lemma 4 [14]. Let f ∈ H(B), 0 <p < ∞, δ  0. If
Mp(r,f ) C(1 − r)−δ, (13)
then there is a constant K = K(p, δ), such that
Mq(r,f )KC(1 − r)n/q−n/p−δ, (14)
for q , p < q ∞, and
Mq(r,f ) = o
(
(1 − r)n/q−n/p) (r → 1−), (15)
when δ = 0.
Lemma 5. Let φ ∈H(B) and 0 <p  n. If
1∫
0
M2q
(
r,R(n)φ)(1 − r)2n−1−p dr < ∞, (16)
for some q > 2n/p, then φ ∈ M(Dp).
Proof. For any ε > 0, (16) implies that there is an r0 > 0, such that
1∫
r
M2q
(
t,R(n)φ)(1 − t)2n−1−p dt < ε,
as 1 > r > r0. So
Mq
(
r,R(n)φ)= o((1 − r)p/2−n), r → 1−,
by the monotonicity of Mq(r,R(n)φ) with r . By Lemma 4,
M∞
(
r,R(n)φ)= o((1 − r)−n/q+p/2−n), r → 1−.
Therefore,
M∞
(
r,R(n−j)φ)= o((1 − r)−n/q+p/2−n+j ), r → 1−, (17)
for the integer j , j < n + n/q − p/2. For p and a suitable q , there is an integer k, which
satisfies that −1 < −n/q +p/2 − n+ k < 0. Then (17) for j = k and [1, Theorem 6.4.10]
give thatR(n−k−1)φ ∈H∞(B). So for j = k + 1, k + 2, . . . , n, R(n−j)φ ∈ H∞(B).
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B
∣∣R(n)(φf )(z)∣∣2(1 − |z|2)2n−1−p dν(z)
=
∫
B
∣∣∣∣∣
n∑
j=0
R(n−j)φ(z)R(j)f (z)
∣∣∣∣∣
2(
1 − |z|2)2n−1−p dν(z)

n∑
j=0
Cj
∫
B
∣∣R(n−j)φ(z)∣∣2∣∣R(j)f (z)∣∣2(1 − |z|2)2n−1−p dν(z)
= C0
∫
B
∣∣R(n)φ(z)∣∣2∣∣f (z)∣∣2(1 − |z|2)2n−1−p dν(z)
+
k∑
j=1
Cj
∫
B
∣∣R(n−j)φ(z)∣∣2∣∣R(j)f (z)∣∣2(1 − |z|2)2n−1−p dν(z)
+
n∑
j=k+1
Cj
∫
B
∣∣R(n−j)φ(z)∣∣2∣∣R(j)f (z)∣∣2(1 − |z|2)2n−1−p dν(z)
= M1 + M2 + M3. (18)
For M3, since R(n−j)φ ∈H∞(B) as j = k + 1, k + 2, . . . , n, then
M3 
n∑
j=k+1
Cj
∫
B
∣∣R(j)f (z)∣∣2(1 − |z|2)2n−1−p dν(z). (19)
But f ∈Dp implies that f ∈Dp−2(n−j) for 0 j  n. Therefore (19) gives M3 < ∞.
For M2, choose q large enough, such that 2j − 2n/q > 0 for j , 1  j  k. Since
2n/q < p, then f ∈D2n/q if f ∈Dp . So by (17),
M2 
k∑
j=1
Cj
∫
B
∣∣R(j)f (z)∣∣2(1 − |z|2)2n−1−p−2n/q+p−2n+2j dν(z)
=
k∑
j=1
Cj
∫
B
∣∣R(j)f (z)∣∣2(1 − |z|2)2j−1−2n/q dν(z) < ∞. (20)
For M1, by using integration in polar coordinate, Hölder’s inequality for conjugate in-
dices q/2 and q/(q − 2), and [4, Corollary 2.1],
M1 = C0
1∫
0
r2n−1
(
1 − r2)2n−1−p dr
∫
S
∣∣f (rζ )∣∣2∣∣R(n)φ(rζ )∣∣2 dσ(ζ )
 C0
1∫
r2n−1
(
1 − r2)2n−1−p dr
(∫ ∣∣R(n)φ(rζ )∣∣q dσ(ζ )
)2/q0 S
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S
∣∣f (rζ )∣∣2q/(q−2) dσ (ζ )
)(q−2)/q
 C0‖f ‖22q/(q−2)
1∫
0
M2q
(
r,R(n)φ)(1 − r)2n−1−p dr < ∞. (21)
It follows that φf ∈Dp from (18)–(21) and Lemma 1, that is φ ∈ M(Dp). 
Lemma 6. For 0 < p  n, there exists a positive integer k, such that 0 < p/2 −
n + k < 1, then Lip(n−k)p/2−n+k = Bn−p/2n . It is said that f ∈ Lip(n−k)p/2−n+k if and only if
R(n−k)f ∈ Lipp/2−n+k .
Proof. Let f ∈H(B). Since [1] f ∈ Lip(n−k)p/2−n+k if and only if
M∞
(
r,R(n−k+1)f )= O((1 − r)p/2−n+k−1), (22)
and f ∈ Bn−p/2n if and only if
sup
0r<1
(1 − r)n−p/2M∞
(
r,R(n)f )< ∞, (23)
then (22) and (23) imply that Lip(n−k)p/2−n+k = Bn−p/2n . 
Now we are ready to give the proof of Theorem 2.
Proof of Theorem 2. (i) If f ∈ Bqn , then
sup
z∈B
(
1 − |z|2)q ∣∣R(n)f (z)∣∣< ∞. (24)
So
1∫
0
M2s
(
r,R(n)f )(1 − r)2n−1−p dr
=
1∫
0
(∫
S
∣∣R(n)f (rζ )∣∣s dσ (ζ )
)2/s
(1 − r)2n−1−p dr
 C
1∫
0
(1 − r)2n−1−p−2q dr < ∞,
for s > 2n/p. Thus f ∈ M(Dp) by Lemma 5.
(ii) Since M(Dp) ⊂Dp , then Theorem 1(ii) gives that Bn−p/2n ⊂ M(Dp). On the other
hand, choose cα = 1/log |α| in [4, Theorem 1.3], then there is a function
f (z) =
∑ aα
|α|n−j z
αα0
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α0
(
n+ |α|)p−2(n−j)|aα|2 = ∑
α0
cα
(
n+ |α|)p−2(n−j)|aα|2 log |α| < ∞, (25)
and R(n−j)fω /∈ Lip(n−j)p/2−n+j almost surely, where j is a positive integer satisfying 0 
p − 2(n − j) < 2, and fω is the randomization [4] of f . So it follows that fω /∈ Bn−p/2n
almost surely by Lemma 6.
But,
∑
α0
(
n+ |α|)p |aα|2|α|2(n−j) ξ2α,q 
∑
α0
(
n+ |α|)p−2(n−j)|aα|2 < ∞, (26)
by (25) for q > 2n/p, where ξα,q = (
∫
S |ζ α|q dσ(ζ ))2/q , then fω ∈ M(Dp) almost surely
by [4, Theorem 1.1]. Therefore, M(Dp) ⊂ Bn−p/2n .
(iii) The version of (iii) follows from the implication M(Dp) ⊂Dp and Theorem 1(iii)
immediately. 
It is well known that Qp ⊂Dn(1−p) for (n−1)/n < p  1, and M(Dn(1−p)) ⊂Dn(1−p).
How about the relation of Qp and M(Dn(1−p))? Theorem 3 states that M(Dn(1−p)) is a
subset of Qp for (n− 1)/n < p  1.
Proof of Theorem 3. For z ∈B , let
gz(w) =
(
1 − |z|2
(1 − 〈w,z〉)2
)np/2
.
It can be verified that gz ∈Dn(1−p). In fact, since
∂gz(w)
∂wj
= npzj (1 − |z|
2)np/2
(1 − 〈w,z〉)1+np , (27)
then
∣∣∇gz(w)∣∣2 =
n∑
j=1
∣∣∣∣∂gz(w)∂wj
∣∣∣∣
2
= n
2p2|z|2(1 − |z|2)np
|1 − 〈w,z〉|2+2np . (28)
So, ∫
B
∣∣∇gz(w)∣∣2(1 − |w|2)1−n(1−p) dν(w)
= n2p2|z|2(1 − |z|2)np
∫
B
(1 − |w|2)1−n(1−p)
|1 − 〈w,z〉|2+2np dν(w)
 Cn2p2,
in the above, [1, Proposition 1.4.10] is used. Therefore, gz ∈Dn(1−p), and there is a con-
stant K independent of z, such that ‖gz‖D K .n(1−p)
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∫
B
(
1 − |z|2
|1 − 〈w,z〉|2
)np∣∣∇f (w)∣∣2(1 − |w|2)1−n(1−p) dν(w)
=
∫
B
∣∣gz(w)∣∣2∣∣∇f (w)∣∣2(1 − |w|2)1−n(1−p) dν(w)
 C1
∫
B
∣∣∇(fgz)(w)∣∣2(1 − |w|2)1−n(1−p) dν(w)
+C2
∫
B
∣∣f (w)∣∣2∣∣∇gz(w)∣∣2(1 − |w|2)1−n(1−p) dν(w)
 C1‖fgz‖Dn(1−p) +C2
∫
B
∣∣∇gz(w)∣∣2(1 − |w|2)1−n(1−p) dν(w)
 C1‖Mf ‖‖gz‖Dn(1−p) +C2‖gz‖Dn(1−p)  CK.
Therefore
sup
z∈B
∫
B
(
1 − |z|2
|1 − 〈w,z〉|2
)np∣∣∇f (w)∣∣2(1 − |w|2)1−n(1−p) dν(w) < ∞. (29)
Then it follows that f ∈ Qp from [15, Theorems 1 and 2], (29) and the equivalence of the
complex gradient and the invariant gradient. 
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